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Abstract—It is well known that a linear elastic system having a stable equilibrium for zero damping may be
destabilized by the introduction of nonzero damping. In this note a class of damping configurations not having
this destabilizing effect is determined.

INTRODUCTION
LET us consider a linear n-degree-of-freedom system described by
My+Cy+Ky=0 (1)

where y is a real n-vector and M, C, K are real n x n matrices with M and K nonsingular.
We make no assumptions regarding symmetry or positivity of these matrices. Many
studies have shown that even if the equilibrium of (1) is stable for C = 0, it may become
unstable for C = ¢C, when C, is some given matrix and ¢ is an arbitrarily small positive
number [1-5]. It has recently been shown that one form of C which does not have this
destabilizing effect is given by C = ¢éM where ¢ is a positive real number [6].

The purpose of this note is to enlarge considerably the class of matrices C which are
“nondestabilizing™ under the assumption that the equilibrium of (1) is stable for C = 0.

RESULTS AND PROOFS

Our first result is given by the following theorem:
Theorem 1. If the equilibrium of (1) is stable for C = 0, it is also stable for any matrix

C such that
C= Y MM Ky, ¢

p=~w

> 0. 2

4

If C is also nonsingular, the equilibrium of (1) is asymptotically stable.
We note that the class of matrices defined by (2) includes the case of *“‘proportional
damping”’,
C =cM+c/K, ¢, =0, c; 20, (3)
as well as such esoteric forms as
C = M exp(M ™ 'K). 4)
The result of [6] is obtained from Theorem 1 if ¢, = O for all p 3 0 and ¢, > 0.
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Theorem 1 can be quite useful from the standpoint of synthesizing a matrix C which
does not destabilize (1), but it may not be too useful from the standpoint of analysis. That
is, given a matrix C it may be quite difficult to determine whether or not C can be de-
composed in the form (2). This problem motivates our second result:

Theorem 2. If the equilibrium of (1) is stable for C = 0, it is asymptotically stable for
any matrix C such that

C=C,+¢C, ()

C,= Y MM Kp, c

p=—

=0, (6)

4

provided C, is nonsingular and |¢| is sufficiently small.

Before proving these theorems, let us first establish the following lemma:

Lemma 1. If the equilibrium of (1) is stable for C = 0, there exists a real n x n matrix
G such that both G and GM ™K are positive definite and symmetric.

We will give a constructive proof of Lemma 1. Let us first note that the equilibrium of
(1) is stable for C = 0 if and only if there exist n linearly independent real n-vectors f;
such that

MK S = Af, )

for some positive real numbers 4;. Thus there must also exist n linearly independent real
n-vectors g; such that

M™'K)Tg; = Ag;, @
implying
g’M 'K = ig, )

where (.)7 denotes the transpose of (.). We now consider the matrix

G= Z g8l (10)
i=1

t

where the o; are arbitrary positive real numbers. We note that G is a real symmetric positive
definite matrix since the vectors g;, i = 1,2,...,n, are real and linearly independent. We
also find by (9) that GM ™ 'K,

GM 'K = Z aA.8:87 (11)

i=1

is a real symmetric positive definite matrix since the A; are positive real numbers.

We now recall two theorems previously proved elsewhere [7]:

Theorem 3. If there exists a matrix G such that GM ™ !C is nonnegative, while G and
GM ™ !K are symmetric and positive definite, the equilibrium of (1) is stable.

Theorem 4. If there exists a matrix G such that GM~'C is positive definite, while G
and GM 'K are symmetric and positive definite, the equilibrium of (1) is asymptotically
stable.
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Now let us consider the matrices C and G given by (2) and Lemma 1. We find

Z c,(M™'K) )

pP=—®

Y o [(M™KP2)TG[(M ™ 'K)"?] (12)

peven

+ 3 ¢ [(M™IK)P~23TGM ~K[(M ™ 'K)?~ /2],

podd

H

GM™!C

We see that GM™'C is symmetric and nonnegative if all ¢, are nonnegative since G and
GM ™ 'K are symmetric and positive definite. If C is nonsingular, so is GM ~'C. Therefore
GM™!C is positive definite if all ¢, are nonnegative and C is nonsingular. Thus by
Theorems 3 and 4 we have established Theorem 1.

Theorem 2 is now easily established by noting that GM ™ !C, is positive definite and
GM™!(C, +¢C,) is continuously dependent upon &. Since GM ™ }(C, +¢C,)+(GM™}(C, +
eC,))T is positive definite for ¢ = 0, it remains positive definite for |¢| sufficiently small.
Thus GM™'C is positive definite if |¢| is sufficiently small and by Theorems 3 and 4 we
have proven Theorem 2.

CONCLUSIONS

Theorems 1 and 2 considerably enlarge the class of damping configurations which
assuredly do not destabilize a linear nonconservative system. Theorem 1 would seem to
be most useful in synthesizing such damping configurations, while Theorem 2 may be more
useful for the analysis of a given damping configuration.

It should be noted that Theorems 1 and 2 provide sufficient but not necessary con-
ditions for C to be “nondestabilizing”. A condition which comes much closer to being
necessary, as well as sufficient, is that there exists a matrix G satisfying Theorem 3. How-
ever this lacks the simplicity of the conditions in Theorems 1 and 2.
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AGCTpakT—XOpOIlO H3BECTHO, YTO JIMHEHHAA, YNPYras CHCTEMA, HMEIOLLIAR YCTORYHBOE PABHOBECHE AIS
HYNeBOro AeMnHPOBaHHA MOXET NOTEPATH YCTOMYHBOCTD lyTEM BBEAEHUS HEHYNEBOrO AeMNGUPOBAHUS.
B HacTosuiell 3aMeTKe OnpeneNnsercs Knacc ouepTaHuit AeMpUPOBaHUS, HE UMEIOLIMX 3TOro aectabui-
H3HPOBAHHOro pdexra.



